Let P be a projective space and consider a geometric hyperplane H of the Grassmannian of k-dimensional subspaces of P, where k is some integer. We give a diagram-theoretic characterization of the affine Grassmann geometry of all the subspaces of P containing or contained in a member of the complement of H.
INTRODUCTION
Let V be a (right) vector space over a division ring D and consider the projective space P(V). For finite (n + 2)-dimensional V, the geometry of subspaces of P(V) is a geometry whose Buekenhout diagram (see [ 1 ] ) is of type An+i; i.e., it is of the shape A natural way to construct an affine geometry from P(V) is to fix a hyperplane H of P(V) and consider only those subspaces of P(V) that contain some point not in H. The resulting affine geometry has, for finite dimensional V, the Buekenhout diagram Af ;
• ~ ..... ,'7--2 n--1 n and, as lines, the pencils of k-spaces containing some (k-1)-dimensional subspace, and contained in a (k + 1)-dimensional subspace. Here a (-1)dimensional subspace is the empty set. A geometric hyperplane of ~k is a proper subset of the point set of (#k that meets each line of fqk in a unique point or contains the line. Fix a geometric hyperplane H of ~k, and consider the subspaces of P(V) that are contained in or contain a k-subspace not in H. Then the geometry whose maximal flags are those not containing an element of H will be called an affine Grassmann geometry or for short an affine Grassmannian. If V has finite dimension, it has a Buekenhout diagram of the shape
Here Af* stands for the class of dual affine planes. Particular examples of these diagram geometries have been described by Hughes [9] , Del Fra, Ghinelli, and Pasini [5, 6] and by Brouwer [2] . The general construction described above was communicated to the author by J. I. Hall. Geometric hyperplanes in Grassmannians of finite-dimensional projective spaces are classified by Shult [ 11 ] in case D is commutative and by Shult and Hall [ 8] in the noncommutative case. For 0 < k < dim P(V) = n + 1, the obvious example of a geometric hyperplane is the set of k-spaces meeting some fixed (n-k)-space nontrivially. In fact, as follows from [8] , these are the only examples for noncommutative D, the case in which there is no projective embedding of ffk-For commutative D, Shult showed in [11] , using the embedding of Nk into P(A k+l V), that each geometric hyperplane of Nk is the set of (k + 1 )-subspaces of V killed by some (k + 1 )linear alternating form on V.
It is the purpose of this paper to characterize the affine Grassmannians as diagram geometries whose diagram is of the above shape (a problem suggested by J. I. Hall) . In fact, we consider the (k + 2)-truncations of these geometries, i.e., the geometry consisting only of the elements of type i, where 0 ~< i ~< k + 1. For k = 1 we obtain a characterization of a somewhat larger class of geometries; for k > 1, however, we only obtain a characterization of those geometries in which all lines are incident with at least five points. Then F is isomorphic to the 3-truncation of an affine line Grassmannian, or to the geometry of points, lines, and dual affine planes in a Fischer space containing only dual affine planes.
If we call the type 0 varieties points, those of type 1 lines and of type 2 planes, then to prove the above theorem we show that the points and lines of F form a partial linear space, in which any two intersecting lines generate a subspace which is a plane and, hence, is isomorphic to a dual anne plane. This enables us to apply the results of Hall [ 7 ] and Cuypers [ 3] . If there is a line incident with at least four points, then [3] implies that F is isomorphic to an affine line Grassmannian. If all lines are incident with exactly three points, then F is the geometry of points, lines, and dual anne planes in a Fischer space containing only dual affine planes. These geometries are classified by J. I. Hall in [ 7 ] . It appears, that they are either isomorphic to an anne line Grassmannian of a projective space of order 2, or they can be embedded into such an affine line Grassmannian. For a detailed description of the examples the reader is referred to [ 7] . Theorem 1.1 forms the first step in an inductive proof of the following result. where n >~ 3, in which all lines are incident with at least five points. Then F is isomorphic to the (n + 1)-truncation of an affine Grassmannian.
In Section 2 we discuss some properties of the anne Grassmannians needed in the proof of Theorem 1.2, as given in Sections 4 and 5. There we first consider the point-line space of a geometry F satisfying the conditions of 1.2 and show in Section 4 that there exists a projective embedding of this point-line space. Then in Section 5 we derive that a geometry F satisfying the hypothesis of Theorem 1.2, whose point-line space can be embedded into a projective space is isomorphic to an affine Grassmannian of that projective space. In both sections the proof is given using induction on the rank of F. The starting point in Section 4 is Theorem 1.1, which is proven in Section 3.
AFFINE GRASSMANNIANS
Let P be a projective space of order at least 3 and H a geometric hyperplane of the Grassmannian Nk, for some integer 0 < k < dim P. In this section we derive some properties of the anne Grassmannian F of all subspaces of P contained in or containing a member of the complement of H.
First, by Rad(H) we denote the set of points of P that are only contained in k-spaces of P in H. This is clearly a subspace of P and called the radical. It consists of all the points that are not in F.
The lines of P meeting the radical nontrivially are not in F; those meeting the radical in just one point are called short lines. The lines not meeting the radical can be divided into the lines of F and those not in F called the long lines.
The points and lines of F form a partial linear space denoted by H(F).
Proof Suppose that p and q are distinct points of H(F). Let I be the projective line through p and q. We may and do assume that I is not in F.
There is an n-dimensional subspace S not in H containing p. Clearly q ¢ S.
Fix a subspace S' of S not containing p and of codimension 1 in S, and consider the set of all the k-dimensional spaces containing S' and contained in the subspace (S, q) of P. This is a line of the Grassmannian fqk and only one point of this Grassmann-line is in H. This element is not S = ( S', p). Now fix a point r in S', not on L Then all but one of the lines through r in the projective plane spanned by p, q, and r are in H(F). In particular, rp is in H(F). This implies that there is a path of length two in the collinearity graph of H(F) from p to all other points on I except for possibly one point. By symmetry there is also a path starting at q to all but one of the points of the line L Hence, as lines contain at least three points, there is a path from p to q in H(F) and H(F) is connected. | A subspace of a partial linear space is a subset of the point set with the property that any line meeting it in at least two points is contained in it.
Since the intersection of any collection of subspaces is again a subspace, we can, for each subset X of the point set, define the subspace generated by X and denoted by (X) to be the intersection of all subspaces containing X. A subspace, together with the lines meeting it in at least two points, is again a partial linear space; the subspace is often identified with this partial linear space.
PROPOSITION 2.2. Two intersecting lines of H(F) generate a subspace that is isomorphic to a dual affine plane, a projective plane, or a projective plane minus a line.
Proof Let I and m be two intersecting lines of F and suppose that n is the projective plane generated by l and m in P.
If k--1, then by definition, one or all lines through every point of n are not in F. But then the lines in n that are in F form a dual affine plane. Now assume that k > 1. The lines l and m do not meet the radical, but suppose that n does meet the radical. Then it meets the radical in just one point p, say. All lines in n through p are short and not in F. Since l is an element of F, there is a k-dimensional subspace S containing l and not in H. The intersection of S with z~ is a line. Now let S' be an (k-1 )-dimensional subspace in S, intersecting ~ in a point on l. Then consider the line L of the Grassmannian of subspaces containing S' and contained in (S', zc>, the subspace of P generated by S' and re. Then as p C F, the point <S',p> of L is the unique point of L not in F, and thus all the lines in not through p are in F. The subspace of H(F) generated by l and m is isomorphic to a dual affine plane. Now suppose that zc does not meet Rad(H). Take S a k-dimensional subspace in F containing /. If S contains m, then it contains zc, and the subspace of H(F) generated by l and m is isomorphic to a projective plane. Thus assume that it does not contain m. Fix a codimension-one subspace S' in S meeting I in a point p. The k-dimensional subspaces on S' and contained in <S', zc> meet zc in a line. Just one of the k-spaces is in H, which implies that at most one line through p is not in F. If there is at most one line of zc not in F then I and m generate a subspace isomorphic to a projective plane or a projective plane minus a line. Suppose there are at least two lines of z~ not in F. Without loss one is on p and the other meets l in a point q, say. Call their intersection point r. By the above, r is not on a line of F in 7c, and the only lines of z~ not in F are those on r. In particular, 1 and m generate a dual affine plane. |
Proof This follows easily by the above. | Let l and m be two intersecting lines of//(F), and consider the subspace generated by them. If zc contains noncollinear points p and q, then there is a unique maximal coclique of the collinearity graph of z~ containing p and q. This coclique will be called a transversal coclique of zc.
With the help of transversal cocliques of F we can recognize inside//(/') the short and long lines of P in the following way. Let p and q be two non-coil|near points of//(F). Then denote by Tp, q the set of all transversal cocliques on p and q. (Note that this set is nonempty.) Define
Let p and q be two noncollinear points in F. If p and q are on a short line of F, then all transversal cocliques in Tp, q come from dual affine planes, and [p, q] --T for all T~ Tp, q. If p and q are on a long line, then [p, q] equals the long line on p and q, and for all T~ Tp. q coming from a dual affine plane, [p, q]\T# ;~j.
Proof This follows easily from the above, except perhaps, that a long line through p and q is contained in [p, q] . This can be seen as follows.
Suppose that p, q, and r are on a long line l. We will show that r~ [p,q] .
Let m be a line of/" on r and consider the plane n of P containing I and m. Then zc intersects /" in a dual affine plane, or a projective plane minus a line. If this plane induces a projective plane minus a line in//(F), then in that plane we have a transversal coclique on p, q, and r. Hence, that plane may be assumed to be dual affine and not containing p, but containing q. Let n' be a plane containing a transversal coclique on p and q. Then we may assume that zc' also induces a dual affine plane in/7(/') not containing r. Now fix points x and y of F in ~r, respectively, re', but not in/. We can assume that x and y are on a line of/'. But then, by the delta space property of/7, p and r are collinear in/7(F) with all points on that line different from x and y, and there is a point z on the line through x and y collinear in fl(F) with p, q, and r. (The order of P is at least 3!) Hence, the plane of P generated by l and z contains a transversal coclique on p, q, and r. | The above lemma shows us that the point set of/', together with its lines and the sets [p, q], where p and q are noncollinear points, is a linear space, denoted by A(F), which is isomorphic with PkRad(H), the space of points and lines of P not contained in Rad(H). A line of A(/') is called short (respectively, long) if it is mapped to a short (respectively, long) line of PkRad(H). PROPOSITION 2.5. Let l and m be two lines in A(F). Then the subspace of A(F) generated by I and m is isomorphic to an affine plane, a punctured projective plane, or a projective plane. If both 1 and m are short, then the subspace they generate is an affine plane, with all the lines being short.
Proof Straightforward by the above. |
PROOF OF THEOREM 1.1
Let F be a geometry having the diagram of Theorem 1.1. The type 0, 1, and 2 varieties in F are called points, lines, and planes, respectively. Proof Suppose that p and q are two points incident with the lines I and m. In Res(p) we find a plane zc incident with both 1 and m. The point q is also incident with rc as can be seen in Res(l). Now in Res(zc) we find that any two points are incident with at most one line. As I and m are incident with p and q, they are the same. This proves the lemma. | LEMMA 3.2. Let rc be a plane and let p and q be two distinct points incident with re. Every line incident with p and q is also incident with re.
Proof Suppose that l is a line incident with p and q, but not with re. Then in the dual affine plane Res(zc) the points p and q are noncollinear. Let m be a line in Res(rc) incident with p. Then in Res(p) there is a unique plane re' incident with I and m. There is a point r on m that is collinear with q inside both Res(rc) and Res(zc'). Let n be the unique line incident with both q and r. Then in Res(r), the lines m and n are incident with both zc and zc', contradicting that Res(r) is a linear space. | By the above lemmas, the points and lines of F form a partial linear space in which every pair of intersecting lines generates a subspace isomorphic to the dual of an affine plane. The planes of F being the set of subspaces generated by two intersecting lines. Thus, either all lines contain three points and F is the geometry of points, lines, and planes in a Fischer space containing only dual affine planes (see [7] ) or all lines contain at least four points.
If there is a line in F incident with at least four points, then it follows by the results of [ 3 ] that there is a projective space equipped with a symplectic polarity such that F can be identified with the affine line Grassmannian obtained by removing all the lines from the line Grassmannian that are singular (absolute) with respect to the polarity. This proves Theorem 1.1.
A PROJECTIVE EMBEDDING OF THE POINT-LINE SPACE OF ]"
In this section we start with the proof of Theorem 1.2. Hence, let F be a geometry as in the hypothesis of Theorem 1.2. Again we call the type 0, 1, and 2 varieties the points, lines, and planes of F, respectively. The elements of type n are called the hyperplanes of F.
Our proof proceeds by induction on the rank of F. Thus, by Theorem 1.1, we may assume that for each point p of F the residue at p is a truncated affine Grassmannian. The main result of this section is that there is a projective embedding of the point-line space of F. That means there exists a projective space P and an injection ~b of the point set of F into the point set of P, whose image generates P and such that for all lines l of F the set {~b(p) [p incident with l} is a line of P. Two points are on at most one line.
Proof (Compare with the proof of 3.1). Let p and q be two distinct points and suppose that l and m are lines incident with both p and q. In Res(p) we see that there is a hyperplane h of F incident with l and m. The point q is also incident with h as can be seen in Res(l). Hence, inside Res(h) any two points are incident with at most one line. In particular, l= m, which proves the lemma. |
The above lemma implies that the points and lines of F form a partial linear space. We denote this space by/7. Let p and q be collinear points; i.e., there is a line incident with p and q. Then we write p _1_ q. Suppose that p ¢ q. Then we denote by pq the unique line incident with p and q. By p± we denote the set of all points, including p, being collinear with p.
We investigate the structure of subspaces of H generated by two intersecting lines. PROPOSITION 4.2. Every subspace of 17, generated by two intersecting lines, is isomorphic to a projective plane, a dual affine plane, or a projective plane from which a line is removed.
Proof Suppose that I and m are two lines incident with the point p. In the residue ofp we see that there is a hyperplane X incident with both l and m. If we restrict H to all the points and lines incident with X, then either I and m are in a projective plane, which is clearly a subspace of H, and we are done, or there is a dual affine plane rc containing l and m.
We may now assume that we are in the second case and that there is a line h not incident with X but containing two points q and r, say, of 7c. It follows from the above lemma, that these points are on a transversal coclique of To. We show that h contains all the points of the transversal coclique of rc on q and r. Without loss of generality we may assume that I is incident with r and m with q. Then, as above, we see that the lines l and h are contained in some projective plane of/7, which also contains ~, and we are done, or in a dual affine plane 7c' in the restriction of H to some hyperplane Y of Res(r). Again, without loss of generality we can assume to be in the second case and that m is not incident with 7f. Let k be a line in ~' incident with q and some point t on the line 1. Then, since q and t are also collinear within the plane ~c, the line k is also a line of 7~. Any line of ~ through p meeting k meets the transversal coclique of g on q and r in a point u, say. Such a line meets also h, as can be seen in 7c', in some point u', say. As u' is not on a line of ~ through q, it is equal to u, and we see that h contains the transversal coclique of ~ on q and r. Let v' be the unique point on k that is not collinear to r inside the plane 7c'. Then r and v' are collinear in re, and the line rv' meets the line m in a point v. This point is obviously the unique point on m not in ~z'. By symmetry of the argument we find a unique point w on h not in g. Now it is easy to see that the points and lines of 7c and re' form the point set of a projective plane from which a line is removed whose points are the points of the transversal cocliques of ~z on v and of lr' on w.
Hence, l and m generate a subspace of H isomorphic to a projective plane from which a line is removed, or there is a line not in rr nor ~r', but containing two of the points of the union of r~ and ~z'. In this last situation the above arguments apply again, and we see that that line is just the missing line of the projective plane. This projective plane is then a subspacc of H, proving the proposition. I Proof Obvious by the preceding proposition. I The subspaces of H (and of any other partial linear space) generated by two intersecting lines will be called planar subspaces of H. A planar subspace is called projective, dual affine, or almost projective if it is isomorphic to, respectively, a projective plane, a dual affine plane, or a projective plane missing a line.
Let rc be a planar subspace of H containing noncollinear points p and q; then there is a unique maximal coclique in the collinearity graph of ~r containing p and then also q. As before, this coclique will be called a transversal coclique (of ~r).
LEMMA 4.4. Let T be a transversal coclique of a planar subspaee z~ of H. Then any other transversal eoclique meeting T in two points meets it in at least all but one point. If zr is almost projective, then any other transversal coclique meeting T in at least two points is contained in T.
Proof Suppose that Jr' is a planar subspace meeting T in the distinct points p and q. We clearly can assume that zc ~a ~'. Fix collinear points x of zc and y of ~z' not in zc c~ ~z' that are both collinear to p and q. Let z be a point on xy different from x and y, but collinear with all the points of yq, except possibly q. Fix a point r on vio different from p and y, but collinear with z. This is possible since all lines are assumed to contain at least five points. Let t be the intersection point of rz and px. Now suppose that l is a line of re' through r not containing p or q. Then l meets qy in a point s collinear with z. Let u be the intersection point of sz and xq. If t and u are collinear, then the lines tu and l meet in a point of z~ r~ re' and, hence, in a point of T c~ S, where S is the unique transversal coclique of re' on p and q. By varying l, we see that S contains at most one point not in T, corresponding to the case where t and u are not collinear. This proves the first part of the lemma, while the second part of the lemma follows from the observation that t is always collinear to u in the case where zc is almost projective. I Let p and q be two noncollinear points of F, then we define Tp, q to be the set of all transversal cocliques containing p and q. We set [p, q] = U T. T~ Tp, q If there is a transversal coclique T in an almost projective planar subspace of H that contains p and q, then, by the above lemma, we have T= [p, q] . In particular, we find that [r, t] = [p, q] for all distinct points r and s in T.
The case where all transversal cocliques on p and q come from dual affine planar subspaces of H is investigated in the next lemmas.
LEMMA 4.5. Let T be a transversal coclique of a planar subspace of H, and let x be a point collinear with all points of T. Then T is contained in a transversal coclique of a planar subspace on x. In particular, if two dual affine planar subspaces intersect in a transversal coclique of one of the subspaces, then this transversal cocIique is a transversal coclique of both planar subspaces.
Proof Suppose that T is not contained in a planar subspace on x. Fix a planar subspace ~ containing T. Then x is not in ~. Let y and z be two points of T. Then x, y, and z are contained in a planar subspace n' containing all but one of the points of T. Let u be the unique point not in re'. Then there is a planar subspace re" on x, y, and u also meeting T in all but one point. However, as T contains at least four points, there are distinct points s and t of T in both re' and ~". But then zf= (s, t,x)=re", a contradiction. | LEMMA 4.6. Suppose that all transversal cocliques on p and q come from dual affine planar subspaces of II. Then any pair of distinct points of [p, q] is in a transversal cocIique in Tp, q.
Proof Fix points r, s ~ [p, q ] different from p and q and let ~z be a dual affine planar subspace containing p, q, and r. We may assume that the point s ~ [p, q] is not in re. Let ~r' be a dual affine planar subspace containing p, q, and s. Now we may assume that r ere'. The above lemma implies that any point x of z~ is not collinear to s. It also shows that r is noncollinear to any point y of ~r'. Fix a point x ~ re and a point y ~ re' that are not in [p, q] but are collinear. Now let z be a point on xy collinear with p and q, but different from x and y. (This is possible as lines contain at least five points.) Then, as H is a delta space, z is collinear to both r and s. Consider the dual affine planar subspace on z, p, and q. By the above lemma, this subspace contains s and r. | Proof By the remark made just before Lemma 4.5, we can assume that the hypothesis of the above lemma holds. Thus, for any point t in [p, q] there is a transversal coclique T~Tp, q containing t and r. Hence The above results imply that the points of F, together with the lines and the sets [p, q], called new lines, where p and q are noncollinear points, form a linear space. This space will be denoted by A. If a new line is a transversal coclique of a dual affine planar subspace, then it is called a short line; if not, then it is called a long line. In the remainder of this section we investigate the subspaces of A generated by two intersecting (old or new) lines.
Fix a point p of F and consider Res(p). By induction, this is an affine Grassmannian and, by the above, we can identify the planar subspaces of H on p with the (old or new) lines in the linear space A(Res(p)). The projective planes of H on p correspond to lines or long lines in Res(p), the projective planes missing a line not through p correspond to long lines in A(Res(p)) and, finally, the dual affine planes and projective planes from which a line through p is missing correspond to the short lines of A(Res(p)).
The following lemma will be useful in the investigation of the space A.
LEMMA 4.9. Let T be a transversal coclique and p a point of fI, but not in T, collinear with some point of T. Then p is collinear with at least all but one of the points of T.
Proof Suppose that p is collinear with some point w of T, but it is not collinear with at least two points x and y of T. Suppose that zc is a planar subspace of H containing T. Then p is not in zc and, by the delta space property, it is collinear with all points of ~z\T. Fix a point z in ~z, not in T.
The two planar subspaces (p,x,z) and (p,y,z) are dual affine or almost projective planes. So in A(Res(p)) the lines through p meeting re are in a subspace of A(Res(p)) generated by two intersecting short lines. By 2.5 this has to be an anne plane, and all lines in this plane are short. However, the planar subspace (p, z, w) corresponds to a long line of A(Res(p)) contained in the subspace generated by pz, px, and py, a contradiction, which proves the lemma. | Now we start with the investigation of the subspaces of A generated by two intersecting old or new lines. A projective planar subspace of H is a subspace of A. In an almost projective planar subspace of H, the missing line is a long line of A, so in A this gives rise to a projective plane. Now consider a dual affine planar subspace re of H. If all the transversal cocliques of re are short lines, then re forms the point set of a subspace of A isomorphic to a punctured projective plane. Assume that at least one of the transversal cocliques of re is in a long line l, say. Let x be the unique point in that long line l not in m We shall show that all new lines containing two points of re contain x. This then implies that re u {x} is a subspace of A isomorphic to a projective plane.
Let re' be a planar subspace of H meeting I in a transversal coclique that contains x. Then re' meets re in at least all but one of the points of a transversal coclique of re which, together with x, forms l; see Corollary 4.7. Let p be a point in re' collinear to x. If r is a point of re collinear to p, then the lines on p inside the planar subspace on p, x, and r form a line of A(Res(p)) inside the planar subspace of A(Res(p)) containing all the lines on p meeting re nontrivially. Since the planar subspaces of A(Res(p)) are isomorphic to an affine plane, a punctured projective plane, or a projective plane, we find that the planar subspace on p, x, and r meets re in at least all but one points of the transversal coclique of re on r. Hence, we find that all new lines containing two points of re collinear with p also contain x. By varying p in re', we see that all new lines meeting re in two points contain x.
Next we have to consider subspaces generated by two new lines. Let l and rn be two new lines intersecting at a point p. Suppose there is a line k of F intersecting both I and m in a point different from the intersection point p of l and m. Let x be the intersection point of k and l, and y that of k and m. Fix a point z on l different from p and x. Then y is collinear to z inside H; see Lemma 4.9. The subspace of A generated by x, y, and z contains l and m and is, by the above, isomorphic to a punctured projective plane or a projective plane.
Thus, assume that only new lines meet both l and m in points different from p. Fix a point x collinear with p. This point x is collinear with at least two points on 1 and on m as follows from the above lemma. Thus in A(Res(x)) the planar subspaces on x meeting I and m in at least two points generate a subspace X of A(Res(x)) isomorphic to a projective plane, a punctured projective plane, or an affine plane. Let J( be the set of points on lines through x in X, but not collinear to p, or equal to p. All long lines of X meet J( in a long line of A. Every short line of A meeting J( in at least two points is contained in J(, and every long line meeting it in at least two points contains at most one point not in )(. Hence, the lines of A induce the structure of an affine plane, a punctured projective plane, or a projective plane on J[. Let us assume that J7 is not a subspace of A. Then X contains a short line intersecting Jf in all but one point of a long line of A, that we can assume to be l: Let z be the unique point on l not in ~ Let ~ be the planar subspace of/7 on x meeting )( in l-{z}.
Let y be a point in H collinear to p and z. Inside A(Res(y)), we see that the lines through y meeting l and m nontrivially are contained in a planar subspace Y containing yz. Define Y to be the set of points on lines through y and contained in Y, that are not collinear to p, or equal to p. As before, if Y is a subspace of A, then it contains l and m and, hence, X, and it is isomorphic to Y. Thus assume that Y is not a subspace of A. The lines of A meeting Y in at least two points induce the structure of an affine or punctured projective plane on Y. The points of Jf not in Y are contained in a new line, and vice versa, the points in Y not in J( are also contained in some new line.
Let k be a new line of A meeting k in a line parallel to (i.e., not meeting) I n J?. By varying y, we can assume that k meets Y in at least two points. So k induces a line on Y either parallel to I n Y or meeting it in the point z. Suppose z ¢ k. There are at least two new lines through z, distinct from l, meeting m in a point of Xc~ Y. They both meet k, as can be seen in Y. Thus, one of them meets k in a point of J[. Let k' be this new line. Then k' n X does not meet l c~ Jr, but it does meet k n J(. Hence, k' n J[ has to be k n J(, and z e k'--k, a contradiction. So, we can conclude that k contains the point z.
If X has the structure of a punctured projective plane, then it is obvious from the above, that J(u {z} is a subspace of A isomorphic to a projective plane. Thus, we may assume that X has the structure of an affine plane. By symmetry of the argument we can also assume Y to have the structure of an affine plane. This implies that there is a unique new line r meeting iV in at least two points that contains no point in x ±. According to the fact whether r is short or long, we find, by the same reasoning as above, that one or no parallel class of the affine plane induced on J( consists of short lines. The points at infinity of the other parallel classes are the points on r. Hence, l and m generate a punctured projective plane or a projective plane.
Summarizing all the above, we have obtained the following. 582a/70/2-9 PROPOSITION 4.10. Let I and m be two intersecting lines of A. Then they generate a subspace of A isomorphic to an affine plane, a punctured projective plane, or a projective plane. Moreover, if two lines in this subspace do not intersect, then they are short.
As a consequence we obtain the following. Proof By the above proposition, the geometry of points, lines, and long lines is a connected partial linear space in which every pair of intersecting lines generates a subspace isomorphic to a projective or dual affine plane. By the results of [3, 4] , there exists a projective embedding of this geometry. Restricting this embedding to 17, we obtain a projective embedding of 11.
Instead of referring to [3, 4] , we can also apply the results of Teirlinck [12] to prove the theorem. I
EMBEDDED AFFINE GRASSMANNIANS
In this section we prove the following result which, together with Theorem 4.11, provides a proof of Theorem 1.2. where n >>-4 and all lines contain at least four points. Suppose that there is a projective space P and a projective embedding of the point-line space of F into P. Then this embedding extends to an isomorphism between F and an (n + 1)-truncation of an affine Grassmannian of P.
Assume the hypothesis of the above theorem, let ~b be the embedding of the point-line space of F in P. We prove our theorem with induction on n. The first step in the induction proof is provided by the following result due to C. Lef~vre-Percsy [ 10] , which is also implicit in [3] .
THEOREM 5.2. Let F be a residually connected geometry with Buekenhout diagram
Af L in which all lines are incident with at least four points. Suppose there is a projective space P and a projective embedding of the point-line space of F into P. Then this embedding extends to an isomorphism between F and a 3-truncation of an affine line Grassmannian in P.
The elements of type k of F, with k < n, are clearly mapped to some subspace of projective dimension k in P(V). Let H be the point-line space of F. Since the diameter of the collinearity graph of H is at most 2, and all the planar subspaces of H are isomorphic to a dual affine plane, a projective plane minus a line or a projective plane, we see that the lines of F on some fixed point p of F generate F, so that their images under ~ generate P. In particular, we find that ~b induces an embedding of Res(p) in Resp(~(p)). Let h be a type n element in F. Then the points in ~b(h) generate an n-dimensional subspace of P, denoted by/~. If h' is another type n element of F, with/~' = h, then fix a point p of F incident with both h and h'. Note that such a point exists. By induction to Res(p) we obtain that h'= h. Hence we can extend ~b in a unique way, such that hyperplanes h of F are mapped to n-dimensional subspaces/~ of P. This extension of q~ will still be denoted by ~b.
Let L be a line of the Grassmannian .~n-1 of P. If there is no point ~b(p), p a point of F, contained in the intersection of the points of L, then clearly all points on L are not in F. Thus, assume that there is a point p of F with ~b(p) in the intersection of all points on L. Then in Res(p) we find by the induction hypothesis, that either no point of L or exactly all but one point of L is an element of type n --1 in F. Thus every line of f¢n-1 contains a unique element not in the image of ~b(F) or has no element in ~b(F). Hence, we have obtained that the type n-1 varieties of F are mapped to the (n-1)-subspaces of P(V) not contained in some fixed geometric hyperplane H of ~n-1. But from this it follows easily that the elements of F can be identified by the map ~b with the /-dimensional subspaces of P(V) containing or contained in some (n -1)-dimensional subspace not in H. This proves Theorem 5.1.
